The independent domination number of a graph G, denoted i(G), is the minimum cardinality of a maximal independent set of G. A maximal independent set of cardinality i(G) in G we call an i(G)-set. The graph G is called i-excellent if every vertex of G belongs to some i(G)-set. We provide a constructive characterization of i-excellent trees.
Introduction
Let G be a graph and let v be a vertex of G. The independent domination number of G (also called the lower independence number), denoted i(G), is the minimum cardinality of a maximal independent set of G. Equivalently, i(G) is the minimum cardinality of an independent dominating set of G. We deÿne the independent domination number of G relative to v, denoted i v (G), as the minimum cardinality of a maximal independent set in G that contains v. A maximal independent set of cardinality i(G) we call an i(G)-set, while a maximal independent set of cardinality i v (G) containing v we call an i v (G)-set. Domination and its variations in graphs are now well studied. The literature on this subject has been surveyed and detailed in the two books by Haynes et al. [3, 4] . Fricke et al. [2] deÿned a graph G to be i-excellent if i v (G) = i(G) for every vertex v of G. They showed that the family of -excellent trees (trees where every vertex is in some minimum dominating set) is properly contained in the set of i-excellent trees. For an example of an i-excellent tree that is not -excellent, consider the doublestar S r; r for r ¿ 2 (a tree is a doublestar if it contains exactly two vertices that are not leaves; if one of these vertices is adjacent to r leaves and the other to s leaves, then we denote the double star by S r; s ). The -excellent trees have been characterized by Sumner [6] . In related work, Mynhardt [5] characterized the vertices that are contained in every (T )-set and the vertices that are contained in no (T )-set for trees T . Using the results of [5] , Cockayne et al. [1] characterized the trees T where (T ) = i(T ) in terms of the set of vertices in T that are in every (T )-set and i(T )-set. In this paper we provide a constructive characterization of i-excellent trees.
For notation and graph theory terminology we in general follow [3] . Speciÿcally, let G = (V; E) be a graph with vertex set V of order n and edge set E, and let v be a vertex in
For ease of presentation, we mostly consider rooted trees. For a vertex v in a (rooted) tree T , we let C(v) and D(v) denote the set of children and descendants, respectively, of v, and we deÿne
The maximal subtree at v is the subtree of T induced by D [v] , and is denoted by T v . A leaf of T is a vertex of degree 1, while a support vertex of T is a vertex adjacent to a leaf. We denote the set of support vertices of T by W (T ).
The family T
Let T be the family of trees T that can be obtained from a sequence T 1 ; : : : ; T j (j ¿ 1) of trees such that T 1 is a doublestar S r; r for r ¿ 1 and T = T j , and, if j ¿ 2, T i+1 can be obtained recursively from T i for i = 1; : : : ; j−1 by one of the two operations T 1 and T 2 listed below. We deÿne the status of a vertex v, denoted sta(v), to be A or B where initially sta(v) = A if v ∈ W (T 1 ) and sta(v) = B for each leaf v of T 1 . Once a vertex is assigned a status, this status remains unchanged as the tree T is recursively constructed.
Operation T 1 . The tree T i+1 is obtained from T i by adding a star K 1;t for t ¿ 1 with center w, the edge wy where y ∈ V (T i ) and sta(y) = A, and t − 1 new leaves adjacent to y. Let sta(w) = A and let sta(v) = B for each new leaf v that was added to T i . (Note that if t = 1, then this operation is equivalent to adding a P 2 .)
Operation T 2 . The tree T i+1 is obtained from T i ∪ S t; t+1 by adding the edge wy where w is the vertex of the doublestar S t; t+1 adjacent to t ¿ 0 leaves and y ∈ V (T i ) with sta(y) = B. Let sta(v) = A if v ∈ W (S t; t+1 ) ∪ {w} and let sta(v) = B for each new leaf v that was added to T i . (Note that if t = 0, then S t; t+1 = P 3 .)
The following two observations follow immediately from the way in which each tree in the family T is constructed. Observation 3. If T is a nontrivial tree and w ∈ V (T ); then i(T ) 6 i(T − w) + 1.
Proof. Let S be an i(T −w)-set. If S contains a neighbor of w, then S is an independent dominating set of T , and so i(T ) 6 |S|. On the other hand, if S contains no neighbor of w, then S ∪ {w} is an independent dominating set of T , and so i(T ) 6 |S| + 1. In any event, i(T ) 6 |S| + 1 = i(T − w) + 1.
We now present our main result of this section. Theorem 1. Let T ∈ T and let u and v be vertices of T with sta(u) = A and sta(v) = B. Then
Before proceeding with a proof of Theorem 1, we present a useful consequence of this theorem.
Corollary 2. If T ∈ T and u is a vertex of T with sta(u) = A; then i(T ) 6 i(T − u).
-set contains a neighbor of u, and so i vi (T vi ) ¿ i(T vi ) + 1 for all i = 1; 2; : : : ; t. By condition (ii) of Theorem 1, there exists an i(T )-set S that contains N (u). For i = 1; 2; : : : ; t, let
We now return to the proof of Theorem 1.
Proof of Theorem 1. Since T ∈ T, T can be obtained from a sequence T 1 ; : : : ; T m of trees where T 1 is a doublestar S r; r with r ¿ 1 and T = T m , and, if m ¿ 2, T i+1 can be obtained from T i by operation T 1 or T 2 for i = 1; : : : ; m − 1. To prove the desired result, we proceed by induction on the length m of the sequence of trees needed to construct the tree T . If m = 1, then T is a doublestar S r; r for some r ¿ 1 and T is therefore i-excellent. Since sta(u) = A, the vertex u is a support vertex of T , and the set N (u) is itself an i(T )-set. Since sta(v) = B, the vertex v is a leaf of T . Let v denote the neighbor of v. Then, S = N (v ) is an i(T )-set such that v ∈ S and pn(v; S) = {v}. Thus if m = 1, then the three conditions (i) -(iii) all hold.
Assume, then, that the result holds for all trees in T that can be constructed from a sequence of fewer than m trees, where m ¿ 2. Let T ∈ T be obtained from a sequence T 1 ; T 2 ; : : : ; T m of m trees, and let u and v be vertices of T with sta(u) = A and sta(v) = B. For notational convenience, we denote T m−1 simply by T . Since the statement of the theorem holds for T , we know by Corollary 2 that for any vertex w of T with sta(w) = A, i(T ) 6 i(T −w). We now consider two possibilities depending on whether T is obtained from T by operation T 1 or T 2 .
Case 1: T is obtained from T by operation T 1 . Suppose T is obtained from T by adding a star K 1;t , t ¿ 1, with center w, the edge wy where y ∈ V (T ) and sta(y) = A, and t − 1 new leaves adjacent to y. Let L w denote the set of t leaves adjacent to w, and L y denote the set of t − 1 new leaves adjacent to y. By the inductive hypothesis, conditions (i) -(iii) hold for the tree T . Furthermore, i(T ) 6 i(T − x) for any vertex x of T with sta(x) = A.
We show ÿrstly that i(T ) = i(T ) + t. Any i(T )-set containing y can be extended to an independent dominating set of T by adding the set L w , and so i(T ) 6 i(T ) + t. Now let S be a i(T )-set, and let S = S ∩ V (T ). Suppose that y ∈ S. Then, L w ⊂ S and S − L w is an independent dominating set of T , and so i(T ) 6 |S| − t. Suppose that y ∈ S. Then, {w} ∪ L y ⊂ S and S is an independent dominating set of T − y. Hence,
Let x ∈ V (T ). Any i x (T )-set that contains y can be extended to an independent dominating set of T by adding the set L w , and so i x (T ) 6 i x (T )+t = i(T )+t = i(T ). On the other hand, any i x (T )-set that does not contain y can be extended to an independent dominating set of T by adding the set L y ∪ {w}, and so i x (T ) 6 i(T ) + t = i(T ). It follows that i z (T ) 6 i(T ) for every vertex z of T , i.e., i z (T ) = i(T ) for every vertex z of T . Hence, T is i-excellent, i.e., condition (i) holds for the tree T . If u = w, then adding the set L w to any i y (T )-set produces an independent dominating set of T of cardinality i(T ) containing N T (u). Suppose u ∈ V (T ). Since condition (ii) holds for the tree T , there is an i(T )-set S in T that contains N T (u). If y ∈ S , then adding the set L y ∪ {w} to S produces an independent dominating set of T of cardinality i(T ) containing N T (u). On the other hand, if y ∈ S , then adding the set L w to S produces an independent dominating set of T of cardinality i(T ) containing N T (u). Hence, condition (ii) holds for the tree T .
If v ∈ L y , adding the set L y ∪{w} to any i(T )-set that contains N T (y) produces an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. If v ∈ L w , then adding the set L w to any i y (T )-set produces an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. Suppose v ∈ V (T ). Since sta(y) = A, v = y. Since condition (iii) holds for the tree T , there is an i(T )-set S in T satisfying v ∈ S and pn(v; S ) = {v}. By adding either L y ∪ {w} or L w to S (depending on whether y ∈ S or y ∈ S , respectively), we can produce an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. Hence, condition (iii) holds for the tree T .
Case 2: T is obtained from T by operation T 2 . Suppose T is obtained from T ∪S t; t+1 by adding the edge wy where w is the vertex of the doublestar S t; t+1 adjacent to t ¿ 0 leaves and y ∈ V (T ) with sta(y) = B. Let z denote the center of the doublestar S t; t+1 adjacent to t + 1 leaves. If t ¿ 1, let L w denote the set of t leaves adjacent to w, and if t = 0, let L w = ∅. Let L z denote the set of t + 1 leaves adjacent to z. By the inductive hypothesis, conditions (i) -(iii) hold for the tree T . Furthermore, i(T ) 6 i(T − x) for any vertex x of T with sta(w) = A.
We show ÿrstly that i(T ) = i(T ) + t + 1. Any i(T )-set containing y can be extended to an independent dominating set of T by adding the set L w ∪ {z}, and so i(T ) 6 i(T ) + t + 1. Now let S be an i(T )-set, and let S = S ∩ V (T ). Suppose that w ∈ S. Then, L w ∪ {z} ⊂ S or (if t = 0) L z ⊂ S and S − L w − {z} is an independent dominating set of T , and so i(T ) 6 |S| − t − 1. Suppose that w ∈ S. Then,
is an independent dominating set of T of cardinality less than |S| = i(T ), which is impossible. Hence, y ∈ pn(w; S). Thus, S ∪{y} is an independent dominating set of T , and so i(T ) 6 |S |+
For any x ∈ V (T ), any i x (T )-set can be extended to an independent dominating set of T by adding the set L w ∪ {z}, and so i x (T ) 6 i x (T ) + t + 1 = i(T ) + t + 1 = i(T ). Hence, i x (T ) = i(T ) for every x ∈ V (T ) ∪ L w ∪ {z}. Since condition (iii) holds for the tree T , there is an i(T )-set S in T satisfying y ∈ S and pn(y; S ) = {y}. Now, (S −{y}) ∪ L z ∪{w} is an independent dominating set of T , and so i x (T ) 6 i(T )+t + 1 = i(T ) for each vertex x ∈ L z ∪{w}. Hence, i x (T ) = i(T ) for each vertex x ∈ L z ∪{w}. Thus, T is i-excellent, i.e., condition (i) holds for the tree T . If u = w, then adding the set L w ∪ {z} to any i y (T )-set produces an independent dominating set of T of cardinality i(T ) containing N T (w). Suppose u = z. Let S be any i(T )-set in T satisfying y ∈ S and pn(y; S ) = {y}. Adding the set L z ∪{w} to S −{y} produces an independent dominating set of T of cardinality i(T ) containing N T (z). Suppose u ∈ V (T ). Since condition (ii) holds for the tree T , there is an i(T )-set S in T that contains N T (u). Adding the set L w ∪ {z} to S produces an independent dominating set of T of cardinality i(T ) containing N T (u). Hence, condition (ii) holds for the tree T .
If v ∈ L w , then adding the set L w ∪ {z} to any i(T )-set produces an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. Suppose v ∈ L z . Let S be any i(T )-set in T satisfying y ∈ S and pn(y; S ) = {y}. Adding the set L z ∪ {w} to S − {y} produces an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. Suppose v ∈ V (T ). Since condition (iii) holds for the tree T , there is an i(T )-set S in T satisfying v ∈ S and pn(v; S ) = {v}. Adding the set L w ∪ {z} to S produces an independent dominating set S of T of cardinality i(T ) satisfying v ∈ S and pn(v; S) = {v}. Hence, condition (iii) holds for the tree T . This completes the proof of Theorem 1.
Main result
In this section, we provide a constructive characterization of i-excellent trees. We shall prove:
Proof. The su ciency follows from Theorem 1. To prove the necessity, we proceed by induction on the order n of an i-excellent tree T . If diam(T ) 6 1, then T ∈ {K 1 ; K 2 }. Since no star with order n ¿ 3 is i-excellent, we may assume that diam(T ) ¿ 3. If diam(T ) = 3, then T must be a doublestar S k; k for some k ¿ 1, and so T ∈ T. Hence, we may assume that diam(T ) ¿ 4. Let T be rooted at an endvertex r of a longest path.
Let u be a vertex at distance diam(T ) − 2 from r on a longest path starting at r. Let w denote the parent of u. Let k denote the number of leaves adjacent to u, and let ' denote the number of leaves in T u at distance 2 from u. Let S(u) = {v 1 ; : : : ; v t } denote the set of children of u of degree at least 2, and let
. Before proceeding further, we list three observations. Observation 4.
Since T is an i-excellent tree, i x (T ) = i(T ) for every vertex x of T . In particular, since i v1 (T ) = i w (T ), we have the following immediate consequence of Observation 4.
Observation 5. i w (T ) = i(T ).
Proof. By Observation 3, i(T ) 6 i(T − w) + 1. Hence, it follows from Observation 4 that i(T −w) = i u (T )−'−1 = i v1 (T )−'−1 = i(T )+k +t −'−1 6 i(T −w)+k +t −', and so ' 6 k + t.
We now return to the proof of the necessity of Theorem 3. We consider two cases depending on whether k + t ¿ ' or k + t = '.
. Let T * be the tree obtained from T by deleting all descendants of u that do not belong to the set
. Then, T * is a tree of order at least 4 and order less than n.
Claim 1. T
* is an i-excellent tree and i(T * ) = i(T ) − '.
x , then adding the ' leaves at distance 2 from u in T u to the set D * x forms an independent dominating set of T of cardinality |D *
is an independent dominating set of T of cardinality |D * x | + '. In any event, T contains an independent dominating set of T of cardinality |D *
If u ∈ S x , then S x contains the ' leaves at distance 2 from u in T u . Removing these ' leaves from S x forms an independent dominating set of T * containing x of cardinality |S x | − '. On the other hand, if u ∈ S x , then we may assume that
Since x is an arbitrary vertex of T * , the tree T * is i-excellent and i(T * ) = i(T ) − '.
By Claim 1, T * is an i-excellent tree and i(T * ) = i(T ) − '. Applying the inductive hypothesis to T * , T * ∈ T. Hence, T * can be obtained from a sequence T 1 ; : : : ; T j (j ¿ 1) of trees where T 1 is a doublestar S r; r with r ¿ 1 and T = T j , and, if j ¿ 2, T i+1 can be obtained recursively from T i by operation T 1 or T 2 . Since k + t − ' ¿ 1, u is a support vertex in T * and therefore, by Observation 1, sta(u) = A. For i = 1; : : : ; t, let T j+i be obtained from T j+i−1 by adding a star K 1; deg vi−1 with center v i , the edge uv i , and deg v i − 2 new leaves adjacent to u. Furthermore, let sta(v i ) = A and let sta(v) = B for each new leaf v that was added to T j+i−1 . Thus, T j+i is obtained from T j+i−1 by Operation T 1 . Hence, T can be obtained from a sequence T 1 ; : : : ; T j+t of trees where T 1 is a doublestar S r; r with r ¿ 1 and T = T j+r , and, for i = 1; : : : ; j + r − 1, T i+1 can be obtained recursively from T i by operation T 1 or T 2 . Thus, T ∈ T.
Case 2: k + t = '. We now prove a series of four claims. Since i(T u ) = min{k + t; ' + 1}, we have the following result. from T i by operation T 1 or T 2 . Thus, T ∈ T. This completes the proof of the theorem.
